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ABSTRACT 
A numerical analysis o-f the motion of the emu1sion 
and gas phases driven by a single bubble . . r1s1ng . 1n a 
-fluidized bed has been performed by employing a 
combination o-f finite element and -finite di-f-ference 
methods to solve the govern.ing equations. The Davidson 
bubble model was taken as the basis and additional 
equations were derived to account for the presence of the 
free surface. The shape of the bubble was obtained from 
video recordings of laboratory fluidized beds. 
Solutions were obtained for both a fast bubble and a 
slow bubble at six different values of the interstitial 
gas velocity. The shape of the free surface, the velocity 
fields of solids and gas, the pressure gradients, gas 
flow rate through the bubble, and sol ids flow rate into 
and out of the wake of the bubble were calculated as the 
bubble advanced towards the free surface. The results 
indicate that gas flow rate through the bubble reaches 
its peak be-fore the bubble is at ·the very top of the bed. 
The model predicts a particle flow rate through the wake 
which is relatively insensitive to the distance o-f the 
bubble from the -free surface. 
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1. INTRODUCTION 
The fluidization phenomenon occurs when a gas or 
1 iquid is forced to flow upward through a bed of sol id 
particles. If the fluid flow rate is low, the bed is said 
. to be in a packed state and the sol id particles remain 
stationary. Increasing the flow rate causes the particles 
to move apart and the bed is seen to expand slightly. 
With further . increase . in fluid flow rate, a an 
equilibrium point is reached where the drag force applied 
on a solid particle by the upward flowing fluid just 
counterbalances the weight of the particle. At this 
point, all the particles are suspended in the fluid. This 
is the state of minimum fluidization, and the bed . is 
referred to as an incipiently fluidized bed. 
Although 
beyond 
. in liquid-solid systems an . increase in flow 
rate a usually results 
. . 
minimum fluidization . in 
homogeneously fluidized bed, in gas-solid systems the 
motion of solids becomes more vigorous and the expansion 
of the emulsion phase beyond its minimum fluidization 
volume is only very slight. In such systems, the excess 
gas flows through the fluidized bed in the form of gas 
voids and this system . is referred to as a bubbling 
fluidized bed. 
In a bubbling fluidized bed, the rising gas voids, 
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termed 'bubbles', dominate the behavior of the system. 
There are two distinguishing phases in such a system: the 
bubble phase which contains virtually no bed particles 
and the particulate phase, or the emulsion phase_, 
consisting of particles fluidized by the interstitial 
gas. In a bubbling bed, the bubble phase is dispersed and 
the emulsion phase . IS continuous. At very high 
velocities, however, the volume occupied by the bubble 
phase 1s so high that the particulate phase no longer 
forms a continuous medium between discrete bubbles. Also, 
in this regime, the magnitude of the drag force is ·1arge 
enough to convey the solid particles out of the bed. This 
is known as pneumatic transport. 
When bubbles erupt from the surface of a gas-
f 1 u id i zed bed, ·they push part i c 1 es into the free board 
region. Some of these particles have large enough initial 
momentum to be carried from the bed with the aid of the 
upward gas motion. 
Si nee their first commercially sign if i_cant use for 
the gasification of powdered coal in 1922[1], fluidized 
beds have found diverse applications . In industry ranging 
from synthesis reactions and cracking of hydrocarbons to 
carbonization of oi 1 shale and sol ids transport. 
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2. LITERATURE REVIEW 
The study of the behavior of single bubbles has been 
the subject of numerous investigations as it forms the 
fundamental step towards the understanding of bubbling 
fluidized beds. 
X-ray photographs[2] of three dimensional bubbles 
show that the bubble is very close to spherical over the 
entire front surface and the rear po rt ion . lS indented, 
forming what is known as the wake region. 
The rise velocity of single bubbles was first 
studied by Davies and Taylor[3] who treated the emulsion 
phase as an incompressible inviscid fluid. They required 
the pressure to be constant in the vicinity of the bubble 
nose and showed that the rise velocity is given by 
2 
3 
where Rn is the radius of curvature at the nose of the 
bubble. 
Based on experimental observations the above 
equation is modified[4] as 
where db is the diameter of a sphere having the same 
volume as the spherical cap bubble. 
Rowe [5] observed that bubbles, they . rise, as carry 
-4,. 
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closed wakes of particulate phase, and there seems to be 
a continuous exchange of particles between the wake 
region and the surrounding sol ids. Davidson [6] treated 
the dense phase as an incompressible and inviscid fluid 
flowing 
obtained 
velocity. 
around bubbles . 1n 
. 
expressions for · the 
irrotational motion and 
components of particle 
As for the gas motion, Davidson made the earliest 
analysis by using Darcy's Law to establish a relation 
between the gas motion and the sol ids motion. An 
alternative approach for the gas flow was proposed by 
Murray[7] who employed a momentum equation for solids. 
Jackson [8] developed another model which allowed for 
voidage variations in the dense phase and obtained 
results similar to those of Murray. 
Jackson[9] points out that the Davidson theory gives 
a more accurate prediction of the pressure field around 
the bubble than the model of Murray. 
Collins [10] used conformal mapping techniques to 
obtain a two dimensional kidney shape for the bubble. His 
solutions indicated that the gas flow pattern . lS 
significantly altered close to the rear of the bubble and 
that under certain conditions a bubble moving on the axis 
of a bed of finite width is capable of capturing the 
-5- ..... 
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whole of the gas flow in the bed. Littman and Homolka[ll] 
found that the pressure field is Laplacian upstream of 
bubble, confirming Davidson's theory in this region. 
\ 
As a bubble approaches the free surface of a 
fluidized bed, it disturbs the surface and causes a dome 
to form. Eruption of bubbles at the free surface results 
in ejection of particles into the freboard . region, which 
is the initial stage of particle entrainment. Do et 
al.[12] performed experiments and showed that the 
predominant mechanism for this phenomenon is the ejection 
of particles in the bulge region at the nose of the 
bursting bubbles. Chen and Saxena [13] proposed a mode 1 
based on this mechanism. Levy et al. [14] identified three 
different wake ejection mechanisms. Pemberton and 
Davidson[15] carried out experiments . using hot-wire 
anemometry and concluded that the gas within a bubble 
moves as an entity in the freeboard and the velocity of 
these "gas pockets" diminishes as they rise. 
The above mentioned experimental results indicate 
that there is a need to take into account the dynamics of 
the free surface in the theoretical analysis of bubble 
motion, particularly near the top of a fluidized bed of 
finit~ dimensions. Rade 1 i ff [16] employed sur-fiace wave 
theory and a finite difference integration scheme to 
-6-
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handle the problem. Subsequently, Chen [17] computed the 
gas flow rates through the rising bubble and through the 
free surface. Both of these analyses involved the ideal 
spherical shape for the bubble. The present analysis 
extends Radcliff's model by incorporating a realistic 
kidney shape obtained from experimental video tapes. The 
flow rate of solid particles into and out of the wake of 
the bubble, as wel 1 as gas flow rates, are calculated. 
The results of ·this study, along with those from 
experimental investigations, are intended to contribute 
to the understanding of the behavior of gas and particle 
flow fields around a single r1s1ng bubble. 
• 
,,, 
I 
3. THEORETICAL APPROACH 
This analysis is based on the model developed by 
Davidson [18] who made the first successfu 1 theoretical 
treatment for the calculation of emulsion and gas flow 
fie Ids associated with the rise of single bu bbl es. His 
model, besides its simplicity, has been shown to yield 
essentially accurate results[1,9]. More complicated 
models were developed by Murray[7] and Jackson[8] 
The Davidson model, which is able to handle both two 
and three dimensional bubbles, is based on the fol lowing 
three fundamental assumptions: 
1. A gas bubble contains no so 1 id part i c 1 es and 
has a circular shape(i.e. cylindrical in the two 
dimensional case and spherical . 1n the three 
dimensional case). 
2. The solid particles move around the . . r1s1ng 
bubble as an inviscid incompressible fluid with a 
constant bulk density wh_ich is equal to the bulk 
density of the whole bed at minimum fluidization 
conditions. 
3.The gas flow 1n the emulsion phase is that of 
a viscous incompressible fluid, thus the gas flow 
field obeys Darcy's law for flow through a porous 
medium. 
-8-
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The continuity equation for the particulate phase 
follows from assumption 2 above, 
V·vp = "0 (1) 
Also, a velocity potential for the particle motion exists 
and is given by 
V¢, = Vp 
Combining (1) and (2) yields 
(2) 
(3) 
so that the particle velocity potential satisfies 
Laplace's equation. 
As a consequence of ass um pt ion 3, the continuity 
equation for the interstitial gas flow 1s 
(4) 
Also, the relative velocity between solid particles and 
the gas phase is given by Darcy's law: 
(5) 
where k . lS permeabi 1 i ty which . lS constant a a 
characteristic of the particles and of the fluidising 
fluid. 
Taking the div~rgence of equation (5) and then 
substituting equations (1) and (4) leads to 
(6) 
In other words, the pressure must also satisfy Laplace's 
equation. Equation (6) implies that the pressure 
-9-
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distribution is independent of the particle motion. 
By further assuming that the pressure inside the 
bubble is constant and that far above and below the 
bubble the pressure gradient has a constant value, 
Davidson obtained . expression for the an pressure 
distribution around a spherical void. 
The equations presented so far complete the 
description of the model developed by Davidson. This 
analysis -further involves the assumptions that the 
voidage of the bed . remains its . . minimum constant at 
fluidization and that the bubble moves 
vertical 1 y upwards with a constant ve 1 oc i ty. A 1 so, any 
changes in bubble size with vertical position due to 
hydrostatic pressure variations were ignored. 
The Davidson model was developed for an infinitely 
large bed. In order to adapt this model to a bed of 
finite dimensions it is necessary to account for the 
dynamics of the free surface due to the approach of the 
bubble. When a bubble rises towards the free surface, it 
will cause the surface to deform and the value of 
velocity potential at the surface to change. 
The changing shape of the free surface can be 
calculated by applying dynamic and kinematic conditions 
at the surface. From surface wave theory[19] the equation 
-10-
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of the free surface, referring to Figure 1 ' 
. 
IS 
zf - ,, - Zo - 0 (8) 
where . the level of the undeformed bed, . the Zo IS zf 1S 
height of the deformed surface, and . the deformation ,, lS 
of the free surface. 
Since the surface moves with the particles 
r¥£ ( zf - z 0 - r, ) = 0 (9) 
Noting that z 0 is constant, equation (9) reduces to 
Dr, 
Dt (10) 
In equation (10), the term on the left hand side . lS 
the vertical component of velocity of particles on the 
free surface and the term on the right hand side may be 
expanded to give the following 
Vz = OTJ OTJ Ot + Yr Or (11) 
where Vz and vr are the components of particle velocity 
at the free surface in the z and r directions. 
Equation (11) 1s the statement of the kinematic 
condition at the free surface. 
Another boundary condition to account for the 
surface dynamics is obtained by employing the unsteady 
Bernoulli equation which may be written as 
p (12) 
where C(t) is a function of time only. Now, if the 
-11-
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. transient part o-f C 1S incorporated into <I>, then it . lS 
possible to replace C(t) by an absolute constant C. When 
the resulting expression is applied to the free surface 
(13) 
where Pf is the pressure at the surface. 
Now, C can be evaluated using the initial condition 
which states that at the beginning of the process, the 
free surface is flat and at rest: 
t 0 11 0 0, 0 
Then equation (13) gives 
(14) 
Combining equations (13) and (14), and arranging, 
the dynamic boundary condition can be expressed as 
it = g'I + ~ v2 ( 15) 
In the foregoing analysis, the relations to describe 
the gas and particle motion associated with a single 
rising bubble were presented. Taking Davidson's model as 
the basis, and deriving the additional necessary 
equations, the complete set o-f equations governing the 
mechanics o-f the problem are written here altogether: 
0 (16) 
,, 
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(17) 
0 (18) 
Ug-Vp = -kVp (19) 
·, 
) 
I 
Vz (20) 
(21) 
Equations (16) through (21) may be rendered non-
dimensional by using the following reference parameters: 
bubble velocity 
bubble nose radius (Figure 1) 
undisturbed pressure 
Then, the dimensionless variables are 
H 77 z z R r rn rn rn 
Yr Vr Vz Vz T 
tub 
ub ub rn 
<1> <I> p p rnub Ps(l-fmf)rng 
Substitution of these variables into the equations 
(16) through (21) yields the following non-dimensional 
equations: 
v2~ 0 (22) 
,· 
v2P (23) ' 0 ~ 
., 
Ug - Vp - KVP (24) -
-13-
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8H Jr 
H + A ( Vr2 + Vz2 ) 1.5828Fr ~ 
(25) 
(26) 
where K is a dimensionless interstitial gas velocity, 
K 
and Fr 1s the Froude number defined by 
Fr 
The constant 1n 
u 2 
b 
gdeq 
equation (26) 
(27) 
(28) 
comes from the 
relation between the nose radius and the equivalent 
diameter of the bubble. The derivation of the . expression 
for Kand the calculation of the equivalent diameter are 
given in detail in Appendices A and B, respectively. 
For a freely bubbling bed, the rise velocity of 
bubbles is [20] 
(29) 
where u 0 is the superficial velocity of the fluidizing 
gas. 
Substitution of (29) into (28) gives 
Fr 
{u 0 - umf + 0.711 (g db) 112} 2 
g db 
-14-
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For conditions near minimum fluidization, the Froude 
number can be calculated as 
Fr= ( 0.711 ) 2 = 0.50552 
The flow rate of gas through 
calculated from the basic equation 
qb = J emf ugr·n dAb 
Ab 
the bubble • lS 
(30) 
where Ugr is the interstitial velocity of gas relative to 
the bubble and Ab is the surface area of the bubble over 
wh·ich gas flows out of the bubble. 
Since the voidage is assumed to be constant 
(31) 
Nondimensionalizing, this becomes 
(Jb fmf I Ugr·n dA* b (32) 
A* b 
where 
qb A (Jb and A*- b (33) 
r~ 
b-
r~ ub ub 
Similarly, the flow rate of solids through the wake 
of the bubble can be obtained from 
-15-
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where 
phase 
area 
wake. 
where 
qs = J (1-tmf)vpr·R dAw 
Aw 
. the relative velocity Vpr lS 
with respect to the bubble and 
of the 
Aw . lS 
of the wake over which particles flow 
In nondimensional terms, 
CJs = ( 1-cmf) J Ypr·R dAt 
Ai 
and 
-16- ' 
, 
(34) 
particulate 
.... 
the surface 
out of the 
(35) 
(36) 
1' It.,_ 
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4. NUMERICAL FORMULATIONS 
The finite element method was selected in this study 
to solve the . governing equations for the particle 
velocity potential and the pressure at every time step. 
This method suits well to the present problem which 
involves a domain whose shape is changing due to the 
deforming free surface and, also, due to the fact that 
the bubble is at a different vertical location at each 
time step. 
A commercial finite element solver, called TWODEPEP, 
developed by International Mathematical and Statistical 
Libraries, Inc. (IMSL) was used[21]. This software uses 
triangular finite elements and is capable of generating a 
mesh once the user supplies an initial triangulation 
which involves just as many elements as necessary to 
define the domain. The fineness of the final mesh can be 
adjusted by specifying the number of triangles and an 
e 1 ement density fun ct ion. In addition, the aspect ratio 
. 
lS of the triangles to be generated in the final mesh 
controlled by a user-supplied function. The software 
provides the flexibility for the points at which the 
output will be generated by leaving the option to the 
user to specify the points in the domain at which the 
output is wanted. Therefore, it is possible to obtain the 
-17-
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solution at any desired point of the domain. Furthermore, 
a selection OT quadratic, cubic and quartic elements, 
with which the ac~uracy of the solution increases in that 
order, is available for use. 
For the case o-f Laplace's equation, the governing 
equation in this analysis, the solution includes the 
derivatives o-f the -function in the horizontal and the 
vertical directions, as wel 1 as the value of the 
function. 
To ver i -fy the accuracy of the software, numerous 
calculations were carried out for a spherical bubble deep 
1n the bed, and the results were compared to those 
obtained from the Davidson model. It was observed that 
the results were not within the acceptable range. After a 
number of trials and examination of the solutions, it was 
concluded that the software-generated mesh was not able 
to yield sufficiently accurate solutions. Hence, the mesh 
generation option of the software had to be abandoned. 
In subsequent investigation of ·the literature, it 
was found that for accuracy, the triangles should be 
close to the equilateral state and long narrow triangles 
should be avoided [22]. Based on this information, mesh 
generation was done manually so that full control of the 
shape of the triangles was possible. Table 1 . gives a 
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comparison of the components of the part i c 1 e ve 1 oc i ty 
from finite element solution and from the Davidson model . 
. 
Also, in Figures 2 and 3, the Davidson and the finite 
element solutions, respectively, are plotted in terms of 
vector fields in the vicinity of the spherical bubble. 
At each time step, the triangulation was modified to 
adapt to the new shape of the domain due to both the 
deforming free surface and also the new elevation of the 
bubble within the domain. 
The time dependent portion of the problem was solved 
by employing the finite difference technique. Time . lS 
contained 1n equations (25) and (26) which express, 
respectively, the rates of change of the height of the 
free surface and the value of the particle velocity 
potential at the surface. In order to advance the 
variables to the next time step, it is necessary to write 
the above mentioned equations . 1n of finite terms 
differences. 
For the deformation equation, 
8H + V 8H _ V 8T r 8R - z 
a forward-time centered-space implicit scheme was applied 
to give 
+ ( 37) 
where subscript i stands for the spatial points and 
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superscript n refers to the levels of time separated by 
the interval ~T. This scheme is -first order accurate . 1n 
time and second order accurate in space. The unknowns are 
the values of the dimensionless deformation Hat the new 
time step n+l. The rest of the variables in equation (37) 
are known from the present time step. 
Rearranging equation (37) and collecting the terms 
at the new time level results in 
Defining 
b. == -LlTYr· I · I 
equation (38) reduces to 
b. H~+1 + d. H~+1 Hn+1 I 1-1 I I + aj i+l C· I 
( 38) 
(39) 
In the above notation, i==O is the left end of the 
free surface, or the axial centerline, and i==M refers to 
the right end of the surface. Due to symmetry, the zero 
slope condition is valid at the centerline, or 
The same 
8H _ 
oR - O at i == 0 
condition applies to the right 
assuming that it is far enough from the bubble(this 
is discussed in Chapter 6). Then 
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These two conditions are satisfied provided that 
0 
Now, equation (39) may be written in the form 
0 0 • 0 Hn+1 Co 0 
Hn+1 1 cl 
Hn+1 
C2 2 
0 
. 0 
bM-1 dM-1 a~l-1 Hn+1 . M-1 CM-1 
0 • . 0 0 dM 8 n+1 CM M 
(40) 
where equation (40) represents a tridiagonal system of 
linear algebraic equations[22] 
applying the Thomas algorithm. 
This system was solved by 
For the velocity potential equation, a first order 
explicit scheme was employed: 
HP 1 { (V ")2 (V ")2 } 1.5828Fr + 2 q + q (41) 
Rearranging, this becomes, 
(42) 
£n+1 _ £0 
"*"i - "*"I ( H~ ) + aT 1 + } { (Vr",· )2 + (Vr,"· )2 } 1.5828Fr ~ 
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Solutions of equations, (40) and (42) define, 
respectively, the shape of the free surface and the 
velocity potential at the surface, for the new time time 
step in terms of values at discrete points throughout the 
free surface. However, it is necessary to express these 
two variables as smooth continuous functions in order to 
implement them to the finite element software. Thus, 
there is a need to fit curves to the deformation and to 
the velocity potential. 
Polynomials with degrees up to 11 were tried for 
this purpose, and it was observed that no single curve 
was able represent the variable all along the free 
surface. Hence, a combination of polynomials was used. 
Going through an extensive trial procedure, 
polynomials with degrees ranging from three to nine were 
employed in order to cover the entire free surface. As 
shown in Figure 4 a ninth order polynomial was used for 
the region where the function has a steep gradient, a 
seventh order curve for the region where the function has 
its . . m1n1mum, and a fourth order curve for the . region 
where the function is relatively flat. These curves were 
smoothly connected by cubic polynomials satisfying the 
continuity of the function and the first derivative. It 
should be noted that the discontinuity of the curve in 
-22-
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Figure 4 is due to the fact that different magni.f ication 
factors were employed to make the visualization of the 
sections away from the centerline . easier. Care was taken 
to satisfy the zero slope condition at the ends and this 
is accomplished by excluding the first order terms 
those polynomials. 
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5. SOLUTION ALGORITHM 
The time dependent nature of the problem coupled 
with the fact that the solution domain does have a 
different shape at each time level, necessitates a step-
by-step process. In other words, the results of any given 
time level will determine the shape of the domain and the 
boundary condition on the top edge for the next time 
step. 
The outline of the solution algorithm follows. 
1. Compute the particle velocity field. 
At every time step, it was first necessary to create 
the domain using the information f ram the previous time 
step, and then generate the mesh. Here, care was taken to 
make the elements as close to equilateral as possible, a 
condition required for accuracy. Also, the mesh 
generation process was started at the bubble boundary 
with the element density decreasing radially outwards. In 
this way, the resulting mesh was finer in the vicinity of 
the bubble which increased the accuracy. Furthermore, as 
the bubble approached the free surface, the fine mesh 
. 
region was extended towards the surface, eventually 
covering the entire bulge . region in the last stages of 
calculations. The typical mesh dimension l at the bubble 
surface was of order l/rn - 1/2 for a bubble deep in the 
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The smallest mesh size was used in the bulge region 
~·· · for a bubble at the last stages of eruption. In this case 
1/rn ~ 1/8. Shown in Figure 5 is the sketch of the finite 
element mesh in the vicinity of the bubble at the last 
stage of the computation. 
Next, an input file to TWODEPEP was created to 
obtain the solution for the particle motion. 
TWODEPEP then solves the governing equation 
v'2<l> = 0 
subject to the boundary conditions(shown in Fig.6) 
free surface <l> <l>n 
surface of bubble 84> -CosB on 
84> 0 8Z bottom edge 
{)<I> 0 AA centerline and right edge 
The TWODEPEP solution includes the values of the 
velocity potential <l>, and the particle velocity in the R 
and Z directions. 
2. Compute the pressure distribution. 
The shape of the domain and the governing equation 
for the pressure field are the same as in the case of the 
velocity potential. Therefore, the same mesh may be used 
with proper replacement of the boundary conditions. 
The governing equation . lS once again Laplace's 
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equation, 
V2P = o 
subject to the following boundary conditions: 
free surface . p 0 • 
surface of bubble . p Pb . 
centerline . 8P 
- 0 . 8R -
bottom and right edge . p - Z0 +H-Z . -
where Pb is the constant pressure in the bubble. This . IS 
based on the assumption that at any instant of time the 
spatial variations of pressure within the bubble are very 
smal 1 compared to the variations in the surrounding 
emu 1 s i on phase . Hence, the pressure inside the bubble . IS 
only a function of time. The domain and the boundary 
conditions for pressure are shown in Figure 7, and the 
derivation of the boundary condition for the bottom and 
right edges is given in Appendix A. 
The TWODEPEP solution contains the values of the 
pressure as well as the pressure gradients in the Rand Z 
directions. 
3. Calculate the gas velocity. 
The interstitial gas velocity IS now calculated by 
substituting the particle velocities from step(l) and the 
pressure gradients from step(2) into the expression for 
Darcy's law, 
-26-
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Ug = Vp - KVP 
The values of the dimensionless ratio K are chosen 
to cover both the slow bubble range(K>l) and the fast 
bubble range(K<l). 
At this point it should be emphasized that, for a 
given value of K, the gas velocity obtained from the 
above equation must satisfy the principle of conservation 
of mass applied on the bubble. In other words, the gas 
flow rate into the bubble has to be equal to the gas flow 
rate out of the bubble. Hence, it . 1 s necessary to go 
through an iterative procedure to determine the bubble 
pressure Pb for which the resulting gas flow field yields 
a zero net gas flow through the bubble. Thus, at each 
time level, steps (2) and (3) are repeated for different 
values of Pb until conservation of mass is satisfied. 
4. Advance deformation and velocity potential at the 
surface to the next time step n+l. 
Finite difference equations (40) and (42) are now 
employed to calculate the shape of the free surface and 
the value of the velocity potential on the surface at the 
next time step n+l. The size of the time increment ~Tis 
selected based on Chen's analysis(17] in which he tried 
di f-ferent ilT values and determined the time step . . size 
which gave stable solutions. Taking into account that in 
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this analysis an implicit scheme . 1S used for the 
deformation equation as opposed to the explicit scheme 
used by Chen, the same time increments, modified to 
include the effect of different reference length, were 
employed and the stabi 1 i ty of the solutions was 
confirmed. Time increments, expressed in terms of the 
change in the dimensionless vertical position of the 
bubble, ranged from dZc=l.O for a bubble deep within the 
bed at Zc=34. 0, to dZc=O .1 for a bubble at the last 
stages of eruption. 
5. Fit curves to deformation and velocity potential. 
Once the new values of the deformation and the 
velocity potential are obtained in step (4) at discrete 
points throughout the free surface, a least-square curve 
fitting method is then applied to express each of the two 
variables as a function consisting of a set of smoothly 
joined polynomials. 
This step completes the information required to 
start the procedure at the new time level, for which the 
bubble is moved vertically upward a distance dz given by 
or in dimensionless terms 
~z - ~T 
The starting point 'of the analysis was determined 
-28-
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based on Chen's [17] resu 1 ts. He started his cal cu 1 at ions 
for a spherical bubble located midway between the bottom 
and top surfaces in a bed having a depth of 20 bubble 
diameters. His results did not indicate any significant 
effect of the bubble on the free surface until the bubble 
center was within 3 diameters of the -free surface. In 
this study, the initial elevation of the bubble was taken 
as 34 rn, or 6 rn from the free surface which corresponds 
approximately to 17 db in Chen's analysis. Figure 8 shows 
the dimensions and the boundaries of the solution domain 
at the beginning of the calculations. 
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6. RESULTS AND DISCUSSION 
In this study, a cylindrical domain with a diameter 
of 40 rn and a depth of 40 rn was selected. This 
se 1 e ct i on i s based on Rad c 1 if f ' s an a 1 y s i s [ 16 J · 1 n w h i ch he 
carried out calculations with different domain sizes and 
compared the results to those obtained from the Davidson 
theory. The initial location of the bubble was taken as 
6 rn from the free surface of the bed (see Chapter 5) . 
Bubble velocity was assumed to be constant with only a 
vertical Also, the of the bubble was . size component. 
fixed al 1 along its course of ascent. The value of the 
Froude number was 0.50552 which corresponds to conditions 
near m1n1mum fluidization. The bubble was moved toward 
the free surface . 1n 14 separate time steps of decreasing 
step . size ~t. 
The results presented here are identified with the 
instantaneous vertical position of the effective bubble 
center, Zc. This characterizes the time-variable for the 
transient process. The calculations were started at 
Zc=34.0 and terminated at Zc=39.3. 
In order to verify the accuracy of the finite 
element software, calculations were first carried out for 
a spherical bubble of radius rb deep in the bed. The bed 
was 40 rb in diameter and 40 rb in depth. The bubble was 
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located on the centerline, midway between the top and the 
bottom surfaces. The components of the particle velocity 
were computed throughout the domain and the results were 
compared to the Davidson analytical solution. Figures 2 
and 3 are the plots of the particle velocity in the 
vicinity of the bubble, obtained from the Davidson theory 
and the finite element method, respectively. The 
comparison is presented also in tabulated form in Tables 
1 and 2. Table 1 1 ists the values of the components of 
the particle velocity for points located on the surface 
of the bubble. In Table 2, results at various points 1n 
the domain are compared. These Tables indicate that, with 
the exception of the points where there lS a 
discontinuity in the boundary condition, the finite 
element solution approximates the Davidson theory with an 
error which is, 1n general, less than 5 %. 
The region between the bubble and the free surface 
is critical in understanding the elutriation phenomenon. 
Figure 9 depicts the development of the dome at the free 
surface in relation to the location of the bubble. Once 
it starts, the deformation of the free surface progresses 
quite rapidly. Table 3 lists the location of the bubble 
and the corresponding deformation at the bubble 
centerline for all the computational time steps. It . 1S 
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seen that the centerline deformation is less than 10 % of 
rn until the effective center is within 2 rn of the free 
surface. It should be noted that the undeformed position 
of the free surface corresponds to Zc=40.0. The motion of 
the emulsion phase . lS in terms of vector illustrated 
fields in Figures 10 to 25. Figures 10-19 display the 
variation of the particle flow for five different 
locations of the bubble, Zc=34.0, 37.0, 38.4, 39.0, 39.3. 
It 1s observed that the magnitude of the particle 
velocity diminishes rapidly with distance away from the 
bubble. At the nose of the bubble, the particles are 
pushed upward. In the region behind the bubble, the 
particulate phase moves to fill the space being displaced 
by the bubble. Another interesting feature of the 
particle motion 1s noticed when these sequential pictures 
are compared: the flow field exhibits a circulating 
pattern around the bubble when the bubble 1s relatively 
deep in the bed. As the bubble nears the free surface, 
however, the direction of the particle velocity turns 
toward the bubble in a region of radius of about R=3. The 
relative velocity of the emulsion phase with respect to 
" the bubble is presented in Figures 20-25. 
The behavior of the motion of the particulate phase 
at the free surface is examined in detail as it pertains 
-32-
t 
'· 
,•· 
•, 
', .. , 
. l ": ,• 
,,·-; 
' ' ' 
. ·'', 
.\l. 
to the ejection of the bed material into the freeboard. 
As shown in Figure 26, there is a considerable . increase 
in the vertical component of the particle velocity, 
especially when the bubble is within 2 rn of the free 
surface. The maximum value occurs at the centerline and 
drops sharply with radial distance. Since the deformation 
is related to the particle velocity via equation (11), 
this figure implies a similar variation for the shape of 
the free surface. In fact, the deformation of the free 
surface, plotted . Figures 27 and 28, displays 1n a very 
similar behavior. Hence, it can be concluded that the 
vertical component of the particle velocity . the IS 
dominant parameter . the displacement of the free governing 
surface. As illustrated . Figures 27 and 28, the In 
deformation, too, has a steep decrease until R==2, and 
soon after that it becomes negative. This 1s, clearly, 
necessary 1n order to satisfy the conservation of mass 
for the bed material across the undisturbed level of the 
surface of the bed. The characteristic shape of the free 
surface where the displacement is negative can be viewed 
from the magnified plot of Figure 4. 
The gas flow is presented in Figures 29-52. These 
pictures display the relative gas velocity with respect 
to the bubble for three values of the bubble location, 
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Zc=34.0,38.6,39.3 and four values of the interstitial gas 
velocity far from the bubble, ranging from K=0.01 to 
K=lO.O. These figures indicate that the radial component 
of the gas vel~city is significant only in the immediate 
vicinity of the bubble, hence, the vertical component, . 1n 
general, dominates the gas -flow field. In the case of a 
fast bubble(K < 1), Figures 29-40, the gas flow . is 
downward with respect to the bubble throughout the flow 
field except 1n the region close to the bubble where it 
exhibits a recirculating pattern. For slow bubbles 
(K > 1), Figures 47-52, the gas flows upwards; it enters 
the bubble from below, and leaves around the top of the 
bubble. Another feature that can be noticed 1s that the 
magnitude of the gas velocity shows a drastic variation 
on the section of the bubble surface below the horizontal 
line . passing 
center(indicated 
points A and 8). 
through the effective bubble 
. 1n Figure 48 as the . region between 
In order to illustrate the characteristics of the 
gas motion at the free surface more clearly, the spatial 
and time-wise ·variations of the vertical component of the 
absolute interstitial gas velocity is plotted in Figures 
53-58 for all values of K used in this analysis. For 
K<l (fast bubble), the velocity profile has the 
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characteristic shape with the maximum at the center! ine 
and decreasing smoothly with radial distance(Figures 53 
and 54) except for the apparent shift of the peak value 
off the centerline for 1,K=0.5 and Zc=39.3(Figure 55). In 
the slow bubble regime(K>1), the velocity profile becomes 
more irregular. As shown in Figure 56, for K=1.1 the peak 
value for Zc=39.3 . lS smaller than the . maximum for 
Zc=39.0, which 1s shifted off-centerline, as well. As K 
increases, the profiles for Zc=39.3 and Zc=39.0 begin to 
show an increasingly irregular behavior near the 
centerline before reaching an asymptotic value around 
R=3.0(Figures 57 and 58). 
In order to be able to identify the reasons 
underlying this behavior of the gas velocity profile, it 
is necessary to consider the relative effects of the 
terms, in equation (24), which make up the gas velocity . 
For Zc=39.3, the variation of the pressure gradient . 1n 
the vertical direction at the free surface is plotted . 1n 
Figures 59-61 for K=0.01, K=0.5 and K=lO.O, 
respectively. Here, it should be stressed that the value 
of K affects the pressure gradient, indirectly, through 
the requirement of conservation of mass. It is observed 
that the pressure gradient follows essentially the same 
trend in both cases. However, the contribution of the 
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pressure gradient as compared to that o-f the particle 
velocity on the gas velocity is substantially different 
as demonstrated in Tables 4-6, which list the magnitudes 
o-f the terms in equation (24) at radial posit ions up to 
R = 5 . 0 , for K = 0 . 01 , K = 0 . 5 and K = 10 . 0 , respect i ve 1 y . The 
columns, from left to right, are the radial distance from 
centerline, the vertical component of the particle 
velocity, the pressure gradient term(i.e. the product of 
-K and 8P/8Z), and the vertical component of the gas 
velocity. These Tables indicate that for K=O.Ol(Table 4), 
the gas velocity is determined primarily by the particle 
velocity, whereas for K=lO.O(Table 6), the pressure 
gradient is the dominant term. For K=0.5, the two terms 
have comparable contributions(Table 5). Therefore, it 
follows that it is the pressure gradient which lS 
responsible for the behavior of the gas velocity 1n 
Figure 58. The profile 1n Figure 53, on the other hand, 
is very similar to ·the behavior of the vertical particle 
velocity in Figure 26, as expected. 
In the calculation of the gas flow field, the bubble 
pressure was selected so as to satisfy the conservation 
of mass through the bubble. The proper value of the 
bubble pressure was determined in an iterative procedure. 
The gas flow rates into and out of the bubble were 
,,.,.;-
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calculated for different values of the bubble pressure, 
and the iterations were continued unti 1 the difference 
between the two f 1 ow rates dropped to 1 ess than 1 % of 
the mean value. The pressures for which the conservation 
of mass is satisfied are tabulated in Table 7. 
The flow rate of gas through the bubble was then 
calculated using the proper value of the pressure inside 
the bubble. The values of the gas velocity at 226 points 
(equally spaced on each of the 5 arcs of the bubble, by 
an angu 1 ar interval of lo 
' 
ensuring smaller area elements 
1 n the reg 1 ons of sharp variations) on the boundary of 
the bu bb 1 e we re used 1 n the numerical i ntegrat_i on. The 
results are listed in Table 8. For the course of the 
motion of the bubble considered 1n this study, the gas 
flow rate first increases as the bubb.le approaches the 
free surface, and then decreases. This 1 s the case for 
all values of K. These results combined with those 
regarding the behavior of the gas velocity at the surface 
in the vicinity of the bubble centerline suggest that the 
resistance to the gas flow of the bed material in the 
bulge region starts to increase after the bubble passes a 
certain elevation along its course of . rise. 
Figure 62 shows the symmetric portion of the 
boundary of the wake, in relation to the bubble, used as 
· -37-
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the control volume in the calculation of the flow rate of 
solid particles through the wake. The volume fraction of 
the wake 1 s 1 7. 6 % (See Append ix 8) . 54 equally spaced 
points were employed in the numerical integration. Table 
9 shows the results in the form of Qs/(1-fmf) as a 
fun ct i on of the bub b 1 e 1 o cat i on . F i g u re 63 i 1 1 us t rates 
the vectors of particle velocity relative to the bubble 
on the boundary of the wake. There is a total decrease of 
approximately 10 % between the lowest and the highest 
elevations of the bubble. Hence, it seems that the 
presence of the free surface has only a slight effect in 
the wake region even when the bubble is very close to the 
surface. 
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7. CONCLUSIONS AND RECOMMENDATIONS 
The shape of 
through the bubble 
the free surface, gas flow rates 
and the flow rate of solid particles 
through the wake of the bubble were calculated as a 
kidney-shaped bubble was moved upward in a gas-fluidized 
. f 1 u id i zed bed . The analysis was performed assurp 1 ng an 
incompressible inviscid particle phase and an 
incompressible gas phase, and using Darcy's law to relate 
the two phases. The resulting equations were solved by a 
combination of finite element and finite difference 
methods. 
In summary_, the following conclusions can be drawn 
from the results: 
• The gas flow rate through the bubble first 
increases and when the bubble reaches a certain 
elevation, it starts to decrease. 
• Drastic changes in the behavior of the gas flow 
1 n the bu 1 ge region occurs when the bu bb 1 e 
very close to the free surface. 
. 
1S 
• The gas flow field is a strong function of the 
value of K. 
• The flow rate of sol id particles through the 
wake decreases only slightly as the bubble 
. 
rises. 
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The results presented here are based on several 
simplifying assumptions. Improvements can be made to 
build a more realistic model. Recommendations for future 
work may be listed as: 
1. Allow the shape and the . size of the bubble to 
vary, 
2. Use different wake fractions to determine i.ts 
effect on the solids flow rate, 
3. Consider variations in voidage, particular·ly 1n 
the bulge . region-, 
Also, experimental work 1s needed 1n order to ve1,ify 
these results. 
-4,{}-
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Table 1. Comparison of the finite element solution 
for the components of particle velocity with the 
Davidson solution for points on the bubble. 
R z VPR VPZ 
COORD COORD DAVIDSON NUMERIC DAVIDSON NUMERIC 
.OOOOE+OO .lOOOE+Ol .OOOOE+OO -.2974E-02 .lOOOE+Ol .9968E+OO 
.1305E+OO . 9914E+OO .194IE+OO .1896E+OO . 9744E+OO . 9785E+OO 
. 2588E+OO . 9659E+OO . 37 50E+OO . 3779E+OO . 8995E+OO . 905IE+OO 
. 3827E+OO . 9239E+OO . 5303E+OO . 5364E+OO . 7803E+OO . 7804E+OO 
.5000E+OO .8660E+OO .6495E+OO .6496E+OO .6250E+OO .6273E+OO 
.6088E+OO .7934E+OO .7244E+OO .7198E+OO .444IE+OO .445IE+OO 
.7071E+OO .7071E+OO .7500E+OO .7550E+OO .2500E+OO .2507E+OO 
.7934E+OO .6088E+OO .7244E+OO .7307E+OO .5589E-Ol .5516E-Ol 
.8660E+OO .5000E+OO .6495E+OO .6587E+OO -.1250E+OO -.I144E+OO 
.9239E+OO .3827E+OO .5303E+OO .5258E+OO -.2803E+OO -.2802E+OO 
.9659E+OO .2588E+OO .3750E+OO .3770E+OO -.3995E+OO -.4028E+OO 
. 9914J:+OO .1305E+OO .1941 E+OO . l 980E+OO - .. 4744E+OO - . 47 5~E+OO 
.lOOOE+Ol .1327E-05 .1990E-05 .1839E-Ol -.5000E+OO -.4938E+OO 
.9915E+OO -.1305E+OO -.1941E+OO -.1980E+OO -.4744E+OO -.4758E+OO 
.9659E+OO -.2588E+OO -.3750E+OO -.3770E+OO -.3995E+OO -.4028E+OO 
.9239E+OO -.3827E+OO -.5303E+OO -.5258E+OO -.2803E+OO -.2802E+OO 
.8660E+OO -.5000E+OO -.6495E+OO -.6253E+OO -.1250E+OO -.129IE+OO 
.7934E+OO -.6088E+OO -.7244E+OO -.7307E+OO .5588E-Ol .5515E-Ol 
.7071E+OO -.707IE+OO -.7500E+OO -.7550E+OO .2500E+OO .2507E+OO 
.6088E+OO -.7934E+OO -.7245E+OO -.7198E+OO .4441E+OO .4451E+OO 
.5000E+OO -.8660E+OO -.6495E+OO -.6336E+OO .6250E+OO .613IE+OO 
.3827E+OO -.9239E+OO -.5303E+OO -.5364E+OO .7803E+OO .7804E+OO 
.2588E+OO -.9659E+OO -.3750E+OO -.3780E+OO .8995E+OO .905IE+OO 
.1305E+OO -.9914E+OO -.1941E+OO -.I896E+OO .9744E+OO .9785E+OO 
. 2654E-05 - . lOOOE+Ol - . 3980E-05 . 297 OE-02 .1 OOOE+Ol . 9968E+OO 
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Table 2. Comparison of the finite element solution for 
the components of particle velocity with the Davidson 
solution for various points in the domain. 
R z VPR VPZ 
COORD COORD DAVIDSON NUMERIC DAVIDSON NUMERIC 
.6945E+OO .1039E+Ol .3548E+OO .3487E+OO .2750E+OO .2727E+OO 
.1121E+Ol -.5529E+OO -.3047E+OO -.2997E+OO -.1058E+OO -.1050E+OO 
.5740E+OO .1386E+Ol .1571E+OO .1528E+OO .2312E+OO .2198E+OO 
.1449E+Ol -.3882E+OO -.llllE+OO -.9880E-Ol -.1184E+OO - .1202E+OO 
.3902E+OO .1962E+Ol .3588E-Ol .3635E-Ol .1179E+OO .1154E+OO 
.1996E+Ol -.1308E+OO -.1224E-Ol - .1272E-Ol -.6170E-Ol -.6084E-Ol 
.1308E+OO -.1996E+Ol -.1224E-Ol -.8902E-02 .1242E+OO .1246E+OO 
.2479E+Ol . 3263E+OO .1242E-Ol .1387E-Ol -.3036E-Ol -.3038E-Ol 
.6471E+OO -.2415E+Ol -.2400E-Ol -.2341E-Ol .5757E-Ol .5413E-Ol 
.2841E+Ol .9643E+OO .1691E-Ol .1794E-Ol -.1278E-Ol -.1303E-Ol 
.1327E+Ol -.2691E+Ol -.2204E-Ol -.2357E-Ol .2617E-Ol .2635E-Ol 
.3464F+Ol .2000E+Ol .1015E-Ol .9723E-02 -.1953E-02 -.200\E-02 
.2435E+Ol -.3173E+Ol -.1132E-Ol - .1097E-Ol .6939E-02 .6160E-02 
.3759E+Ol .3297E+Ol .5949E-02 .5938E-02 .1217E-02 .1389E-02 
.3759E+Ol -.3297E+Ol -.5949E-02 -.5940E-02 .1217E-02 .1386E-02 
.3653E+Ol .4760E+Ol .3354E-02 .3388E-02 .2056E-02 .1920E-02 
.5196E+Ol -.3000E+Ol -.3007E-02 -.3004E-02 -.5787E-03 -.7039E-03 
.3538E+Ol .7175E+Ol .1162E-02 .1211E-02 .1380E-02 .1292E-02 
.7575E+Ol -.2572E+Ol -.8917E-03 -.9205E-03 -.6739E-03 -.7897E-03 
.2588E+Ol .9659E+Ol .3750E-03 .3692E-03 .8995E-03 .7972E-03 
.9915E+Ol -.1305E+Ol -.1941E-03 -.2043E-03 -.4744E-03 -.5776E-03 
. 7848E+OO .1197E+02 .5665E-04 .5535E-04 .5750E-03 .5158E-03 
.1197E+02 . 7849E+OO .5665E-04 .5509E-04 - . 2856 E-03 -.4025E-03 
.2341E+Ol -.1177E+02 -.1661E-03 -.1652E-03 .5457E-03 .4523E-03 
.1352E+02 .3624E+Ol .1367E-03 .1229E-03 - .1456E-03 -.2653E-03 
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Table 3. The Deformation of the Free Surface at the Bubble 
·,, 
,( 
·, 
·~ 
Centerline as a Function of the Position of the Bubble. 
position of centerline 
bubble, deformation, 
Zc Hcl 
34.0 0.0000 
3.5.0 0.0058 
36.0 0.0160 
37.0 0.0402 
37.5 0.0721 
38.0 0.1295 
38.2 0.1727 
38.4 0.2297 
38.6 0.3044 
38.8 0.4011 
39.0 0.5225 
39.l 0.5957 
39.2 0.6754 
39.3 0. 7614 
: 
~f 
·' 
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Table 4. Effects of the particle velocity and 
the pressure gradient on the gas velocity for 
K=O. 01 
R VY -KJlPY UY 
.OOOOE+OO .9192E+OO .5305E-02 .9245E+OO 
.lOOOE+OO .9167E+OO .5511E-02 .9222E+OO 
.2000E+OO .9083E+OO .5796E-02 .9141E+OO 
.3000E+OO .8960E+OO .6192E-02 .9022E+OO 
.4000E+OO .8767E+OO .6597E-02 .8833E+OO 
.5000E+OO .8490E+OO . 6857E-02 .8559E+OO 
.6000E+OO .8120E+OO . 7037E-02 .8190E+OO 
.7000E+OO . 7626E+OO .7070E-02 . 7697E+OO 
.8000E+OO . 7027E+OO .7003E-02 .7097E+OO 
.9000E+OO .6298E+OO .6796E-02 .6366E+OO 
.lOOOE+Ol .5532E+OO .6626E-02 .5598E+OO 
.llOOE+Ol .4767E+OO . 6561 E-02 .4833E+OO 
.1200E+Ol .4018E+OO .6607E-02 .4084E+OO 
.I300E+Ol .3298E+OO .6766E-02 . 3366E+OO 
.I400E+Ol .2650E+OO .697IE-02 .2719E+OO 
.I500E+Ol .2069E+OO . 7277E-02 .2141E+OO 
.I600E+Ol .1552E+OO .7631E-02 .1629E+OO 
.I700E+Ol .1127E+OO .8020E-02 .1207E+OO 
.I800E+Ol .8028E-Ol .8395E-02 .8867E-Ol 
.I900E+Ol .5403E-0I .8745E-02 .6278E-Ol 
.2000E+0I .3289E-0I .9043E-02 .4194E-Ol 
.2IOOE+Ol .I512E-Ol . 9306E-02 .2442E-Ol 
.2200E+Ol .9470E-03 .9528E-02 .1048E-Ol 
.2300E+Ol -.9515E-02 .9709E-02 .1943E-03 
.2400E+Ol -.I653E-Ol .9867E-02 - .. 6666E-02 
.2500E+Ol -.I982E-Ol .9932E-02 -.9883E-02 
.2600E+Ol -.2185E-0I .9964E-02 -.1189E-Ol 
.2700E+0I -.2319E-Ol .9983E-02 -.132IE-Ol 
.2800E+Ol -.2383E-Ol .9990E-02 -.1384E-Ol 
.2900E+Ol -.2378E-Ol .9983E-02 - .1379E-Ol 
.3000E+Ol -.2304E-Ol .9965E-02 - .1307E-Ol 
.3100E+Ol -.2162E-Ol .9935E-02 -.1169E-01 
.3200E+Ol -.2026E-Ol .9918E-02 -.1034E-Ol 
.3300E+Ol -.2126E-Ol .9962E-02 -.1130E-Ol 
.3400E+Ol -.2157E-Ol .9979E-02 -.1159E-Ol 
.3500E+Ol -.2178E-Ol .9993E-02 -.1179E-Ol 
.3600E+Ol -.2190E-Ol .lOOlE-01 -.1190E-Ol 
.3700E+Ol -.2193E-Ol .1002E-Ol -.119IE-Ol 
.3800E+Ol -.2186E-Ol .1003E-0I -.1184E-0I 
.3900E+Ol -.2170E-Ol .1003E-Ol - .1166E-Ol 
.4000E+Ol -.2144E-Ol .I004E-Ol -.I140E-Ol 
.4100E+Ol - .2108E-Ol .1004E-0I -.I104E-Ol 
.4200E+Ol -.2064E-Ol .I004E-Ol - .1060E-Ol 
.4300E+Ol -.2010E-Ol .1004E-Ol -.I006E-Ol 
.4400E+Ol -.1967E-Ol .1004E-Ol -.9631E-02 
.4500E+Ol -.1920E-Ol .1004E-Ol -.9155E-02 
.4600E+Ol -.1874E-Ol .1004E-Ol -.8703E-02 
.4700E+Ol - .1828E-Ol .I004E-Ol -.8240E-02 
.4800E+Ol -.1781E-Ol .1004E-Ol -.7766E-02 
.4900E+Ol -.1732E-Ol .1004E-Ol -.7282E-02 
.SOOOE+Ol -.1683E-Ol .1004E-Ol -.6787E-02 
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Table 5. E-f-f ects of the particle velocity and ·, (< 
·-' 
.j' 
' '," 
the pressure gradient on the gas velocity for K=0.5 ' >~ 
,, 
':,, 
' ." 
R VY -KJEPY UY 
,y 
.OOOOE+OO .9192E+OO .3414E+OO .1261E+Ol 
. lOOOE+OO .9167E+OO .3546E+OO .1271E+Ol 
.2000E+OO .9083E+OO .3729E+OO .1281E+Ol 
.3000E+OO .8960E+OO .3984E+OO .1294E+Ol 
.4000E+OO .8767E+OO .4242E+OO .1301E+Ol 
.5000E+OO .8490E+OO .4405E+OO .1290E+Ol 
.6000E+OO .8120E+OO .4515E+OO .1263E+Ol 
.7000E+OO .7626E+OO .4524E+OO .1215E+Ol 
.8000E+OO .7027E+OO .4458E+OO .1149E+Ol 
.9000E+OO .6298E+OO .4293E+OO .1059E+Ol 
.IOOOE+Ol .5532E+OO .4134E+OO .9666E+OO 
.llOOE+Ol .4767E+OO .4025E+OO .8792E+OO 
.1200E+Ol .4018E+OO . 397 OE+OO . 7988E+OO 
.1300E+Ol .3298E+OO .3972E+OO . 7270E+OO 
.1400E+Ol .2650E+OO .3995E+OO . 6644E+OO 
.1500E+Ol . 2069E+OO .4078E+OO . 6147 E+OO 
.1600E+Ol .1552E+OO .4192E+OO .5744E+OO 
.1700E+Ol .1127E+OO .4332E+OO .5459E+OO 
.1800E+Ol .8028E-Ol .4475E+OO .5278E+OO 
. l 900E+Ol .5403E-Ol .4613E+OO .5154E+OO 
.2000E+Ol .3289E-Ol .4729E+OO . 5058E+OO 
.2100E+Ol .1512E-Ol .4831E+OO .4982E+OO 
.2200E+Ol .9470E-03 .4917E+OO . 4926E+OO 
.2300E+Ol -.9515E-02 . 4986E+OO .4890E+OO 
.2400E+Ol -.1653E-Ol .5048E+OO .'4882E+OO 
.2500E+Ol -.1982E-Ol .5067E+OO .· 4869E+OO 
.2600E+Ol -.2185E-Ol .5071E+OO .4852E+OO 
.2700E+Ol -.2319E-Ol .5069E+OO .4837E+OO 
.2800E+Ol -.2383E-Ol .5063E+OO .4824E+OO 
.2900E+Ol -.2378E-Ol .5052E+OO .4814E+OO 
.3000E+Ol -.2304E-Ol .5035E+OO .4805E+OO 
.3100E+Ol -.2162E-Ol .5014E+OO .4798E+OO 
.3200E+Ol -.2026E-Ol .5001E+OO .4798E+OO 
.3300E+Ol -.2126E-Ol .5020E+OO . 4807E+OO 
.3400E+Ol -.2157E-Ol .5025E+OO . 4809E+OO 
.3500E+Ol -.2178E-Ol .5029E+OO .4811E+OO 
. 36 OOE+Ol -.2190E-Ol .5033E+OO .4813E+OO 
.3700E+Ol -.2193E-Ol .5035E+OO .4816E+OO 
.3800E+Ol -.2186E-Ol .5037E+OO .4818E+OO 
.3900E+Ol -.2170E-Ol .5039E+OO .4822E+OO 
.4000E+Ol -.2144E-Ol .5039E+OO .4825E+OO 
.4100E+Ol -.2108E-Ol .5039E+OO .4828E+OO 
.4200E+Ol -.2064E-Ol .5038E+OO .4832E+OO 
.4300E+Ol -.2010E-Ol .5037E+OO . 4836E+OO 
.4400E+Ol -.1967E-Ol . 5036E+OO .4839E+OO 
.4500E+Ol -.1920E-Ol .5035E+OO .4843E+OO 
. 4600E+Ol -.1874E-Ol .5034E+OO . 4846E+OO 
. 4700E+Ol -.1828E-Ol .5033E+OO .4850E+OO 
.4800E+Ol -.1781E-Ol .5032E+OO .4853E+OO 
.4900E+Ol -.1732£-01 .5031E+OO . 4857E+OO 
.SOOOE+Ol -.1683E-Ol .5030E+OO . 4861E+OO 
:, 
. ' 
· .. \' 
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Table 6. Effects of the particle velocity and 
the pressure gradient on the gas velocity for 
K=lO.O 
' \ 
R VY -K•PY UY 
.OOOOE+OO .9192E+OO .686IE+Ol .7780E+Ol 
.lOOOE+OO .9167E+OO . 7127E+Ol .8044E+Ol 
.2000E+OO .9083E+OO .7495E+Ol .8403E+Ol 
.3000E+OO· .8960E+OO .8006E+Ol .8902E+Ol 
.4000E+OO .8767E+OO .8525E+Ol .9401E+Ol 
.5000E+OO .8490E+OO .8854E+Ol .9703E+Ol 
.6000E+OO .8120E+OO .9074E+Ol .9886E+Ol 
.7000E+OO . 7626E+OO .9092E+Ol .9855E+Ol 
.8000E+OO . 7027E+OO .8959E+Ol .9661E+Ol 
.9000E+OO .6298E+OO .8626E+Ol .9255E+Ol 
.lOOOE+Ol .5532E+OO .8304E+Ol .8857E+Ol 
.llOOE+Ol .4767E+OO .8083E+Ol .8559E+Ol 
.1200E+Ol .4018E+OO .7970E+Ol .8371E+Ol 
.1300E+Ol .3298E+OO .7970E+Ol .8300E+Ol 
.1400E+Ol .2650E+OO .8012E+Ol .8277E+Ol 
.1500E+Ol .2069E+OO .8175E+Ol .8382E+Ol 
.1600E+Ol .1552E+OO .8400E+Ol .8555E+Ol 
.1700E+Ol .1127E+OO .8679E+Ol .8791E+Ol 
.1800E+Ol .8028E-Ol .8962E+Ol .9043E+Ol 
.1900E+Ol .5403E-Ol .9237E+Ol .9291E+Ol 
.2000E+Ol .3289E-Ol .9468E+Ol .9500E+Ol 
.2100E+Ol .1512~-0l .9670E+Ol .9685E+Ol 
.2200E+Ol .9470E-03 .9840E+Ol .9841E+Ol 
.2300E+Ol -.9515E-02 .9977E+Ol . _996 7 E+Ol 
.2400r:+Ol -.1653E-Ol .1010E+02 .1008E+02 
.2500E+Ol -.I982E-Ol .1014E+02 .1012E+02 
.2600E+Ol -.2185E-Ol .1015E+02 .1012E+02 
.2700E+Ol -.2319E-Ol .1014E+02 .1012E+02 
.2800E+Ol -.2383E-Ol .1013E+02 .1010E+02 
.2900E+Ol -.2378E-Ol .1011E+02 .1008E+02 
.3000E+Ol -.2304E-Ol .1007E+02 .1005E+02 
.3100E+Ol -.2162E-Ol .1003E+02 .1001E+02 
.3200E+Ol -.2026E-Ol .1000E+02 .9984E+Ol 
.3300E+Ol -.2126E-Ol .1004E+02 .1002E+02 
.3400E+Ol -.2157E-Ol .1005E+02 .1003E+02 
.3500E+Ol -.2178E-Ol .1006E+02 .1004E+02 
.3600E+Ol -.2190E-Ol .1 Q07 E+02 .l004E+02 
.3700E+Ol -.2193E-Ol .1007E+02 .1005E+02 
.3800E+Ol -.2186E-Ol .1008E+02 .1005E+02 
.3900E+Ol -.2170E-Ol .1008E+02 .1006E+02 
.4000E+Ol -.2144E-Ol .1008E+02 .1006E+02 
.4100E+Ol -.2108E-Ol .1008E+02 .1006E+02 
.4200E+Ol -.2064E-Ol .1008E+02 .1006E+02 
.4300E+Ol -.2010E-Ol .1007E+02 .1005E+02 
.4400E+Ol -.I967E-Ol .1007E+02 .1005E+02 
.4500E+Ol -.1920E-Ol .1007E+02 .1005E+02 
.4600E+Ol -.1874E-Ol .1007E+02 .1005E+02 
.4700E+Ol - .1828E-Ol .1001E+o2 .1005E+02 
.4800E+Ol -.1781E-Ol .1006E+02 .I005E+02 
.4900E+Ol -.1732E-Ol .1006E+02 .1004E+02 
.5000E+Ol - .1683E-Ol .1006E+02 .I004E+02 
' ',· 
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Table 7. Bubble Pressure for Which Conservation of Mass is 
Satisfied through the Bubble. 
Pb 
Zc K=0.01 K=O.l K=0.5 K= 1.1 K=3.0 K=l0.0 
34.0 5.910 5.846 5.839 5.8:39 5.839 5.8:39 
37.0 2.120 2.680 2.730 2.738 2.741 2.742 
38.4 1.030 1.550 1.598 1.604 1.606 1.610 
38.6 1.192 1.183 1.183 1.183 1.183 1.183 
39.0 0.770 0.829 0.834 0.&35 0.835 0.835 
39.3 0.473 0.600 0.609 0.610 0.611 0.612 
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Table 8. Gas Flow Rate Through the Bubble as a function of 
the Bubble Position and K 
Qb/tmf 
Zc K=0.01 K=O.l K=0.5 K=l.1 K=3.0 K=lO.O 
34.0 0.112 0.643 3.114 6.821 18.56 61.80 
37.0 0.190 0.639 . 3.062 6.700 18.23 60.72 
38.4 0.196 0.719 3.465 7.588 20.64 68.75 
38.6 0.135 0.575 2.907 6.4Jl 17.50 58.38 
39.0 0.139 0.560 2.813 6.197 16.91 56.39 
39.3 0.116 0.524 2.644 5.825 15.90 53.05 
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Table 9. The Flow Rate of Solids Through the Wake of the Bubble. 
position of solids 
bubble, flow rate, 
Zc Qs/(1-fmf) 
34.0 0.26763 
35.0 0.26526 
36.0 0.26508 
37.0 0.26447 
37.5 0.26370 
38.0 0.26216 
38.2 0.26111 
38.4 0.25951 
38.6 0.25786 
38.8 0.25540 
39.0 0.25285 
39.1 0.25014 
39.2 0.24778 
39.3 0.24453 
j 
, 
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Figure 2. The Davidson solution for the particle 
velocity in the vicinity of the bubble. 
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Figure 3. The finite element solution for the 
particle velocity in the vicinity of the bubble. 
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near bubble for Zc = 39.3 and K = 0.1. 
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NOMENCLATURE 
A* b 
C 
C(t) 
Fr 
g 
H 
k 
K 
n 
n,n+l 
p 
Surface area of the bubble over which gas 
flows out 
Dimensionless surface area of the bubble; 
Surface area of the wake over which particles 
flow out 
Dimensionless surface area of the wake 
Absolute constant 
Instantaneous constant 
1/3 Equivalent diameter of bubble; deq==(6Vb/1r) 
Wake fraction of bubble 
Froude number; Fr==u~/gdeq 
Gravitational acceleration 
Dimensionless free surface displacement; 
Permeability constant 
Dimensionless interstitial gas velocity far 
from the bubble; K==ug00 /ub 
Normal t~ surface 
Consecutive levels of time 
pressure 
pressure at free surface of bed 
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p 
.. 
Dimensionless pressure; P=p/[p8 (1-cmf)rngJ 
Dimensionless pressure inside the bubble 
Gas flow rate through the bubble 
Flow rate of solids through the wake 
Dimensionless gas fl~~ rate through the 
Dimensionless flow rate of solids through the 
r Radial coordinate 
req Equivalent radius of the bubble; 
R 
t 
T 
Ugr 
Ugoo 
Ugr 
req = (3 Vb/41r) 1/3 
Nose radius of bubble 
Dimensionless radial coordinate; R=r/rn 
time 
Dimensionless time; T=tub/rn 
Bubble rise velocity 
Interstitial gas velocity 
Interstitial gas velocity relative to bubble 
Interstitial gas velocity far from the bubble 
Superficial velocity of gas 
Minimum fluidization velocity 
Dimensionleass int~rstitial gas velocity; 
Dimensionless interstitial gas velocity 
relative to bubble; Ugr=ugr/ub 
\ 
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Vpr 
Vz 
z 
z 
Llt 
Particle velocity 
Particle velocity relative to bubble 
Radial component of particle velocity 
Vertical component of particle velocity 
Dimensionless volume of the bubble 
Dimensionless volume of the wake 
Dimensionless particle velocity; Vp=vp/ub 
Dimensionless particle velocity relative to 
Vertical coordinate 
Vertical position of the effective bubble 
center 
Height of free surface 
Level of surface of undisturbed bed 
Dimensionless vertical coordinate; z~z/rn 
Dimensionless vertical position of the 
effective bubble center; Zc=zc/rn 
Time interval 
lmf Voidage of the bed at minimum fluidization 
1J Deformation of the free surface 
Velocity potential of emulsion phase 
Dimensionless velocity potential; ~=¢/ubrn 
Density of the solids 
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APPENDIX A 
1. Derivation'of the Dimensionless Ratio K. 
Darcy's law is given by 
Ug Vp - k Vp (Al) 
Using the defin_ition of the nondimensional parameters 
shown in Chapter 3, this equation 1s expressed as 
(A2) 
or, 
(A3) 
Far from the bubble and from the upper and loh1er 
surfaces, the following relation holds between the 
interstitial gas velocity and the undisturbed pressur~e 
gradient, 
Ugoo 
op 
== - k (8z)oo (A4) 
Assuming the gas density is negligible compared to the 
density of the solids, the pressure gradient 
must also be constant, 
Then, 
Substitution into equation (A3) results in 
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Ug Vp - u~oo VP b 
De-fining 
K Ugoo 
ab 
Equation (A7) becomes 
Ug Vp - KVP 
2. Derivation o-f the Pressure Boundary 
on the right and bottom edges. 
It follows from equation (A3) that 
Llp - - Llz Ps (l-t:mf) g -
From the definition of dimensionless pressure 
Substituting (All) 
~p == 
into (AlO) 
Referring to Figure 1., 
. gives 
- ~z 
Llz == z Zo - TJ 
(A7) 
(A8) 
(A9) 
Conditions 
(AlO) 
(All) 
(Al2) 
(Al3) 
When equation (A13) is made nondimensional, and then 
substituted into equation (A12), 
LlP ~z = Z0 + H - Z (A14) 
Noting ~hat P 0 at the surface, the pressure for the 
points on the right and bottom edges can be written as 
p Z 0 + H - Z (A15) 
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APPENDIX B 
1. The Shape and the Volume of the Bubble. 
The shape of the bubble was obtained from video 
recordings taken in the experiments with glass beads. A 
typical shape was determined and copied directly from the 
screen, then a curve fitting procedure was tried. After a 
number of trials, a combination of five circular arcs, 
with different centers and radii(shown 1n Figure 64, page 
1 2 6) , seemed to be represent i n g the or i g i n a 1 shape \v i th 
reasonable accuracy. Care was taken for the smoothness of 
the joining points and the continuity of the functions 
and their slopes were satisfied with an accuracy higher 
than that is required by the finite element software. 
The volume of the bubble was calculated by applying 
the concept of volume of revolution, since the equations 
of the curves making up the boundary of the bubble were 
known. Referring to Figure 64, these equations, correct 
to three decimal points, are: 
~ ( 0 . 811 ) 2 - ( Z-0 . 189) 2 1.0 > Z > 0.574 
-0.351 + ~(1.209) 2 -z2 0.574 > Z > o.o 
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R3 0.496 + ~ ( o . 363) 2 - z2 0.0 > z > -0.218 
• 
+ R4 = 0.680 + ~ ( 0 . 133) 2 - Z 2 -0.218 > z > -0. 271 
R4 = 0.680 - ~co . 133) 2 - z2 -0. 271 > z > -0. 261 -
~(1.647) 2 -(Z+l.783) 2 -0.261 > Z > -0.136 
The volume that i.s formed by rotating the the region 
bounded by the Z axis and these 5 curves around the Z-
ax 1 s i s e qua 1 to the v o 1 um e of the bub b 1 e , and can be 
written as 
(Bl) 
where 
1.0 -0.218 
V1 I 7r R2 dZ vt - I 1r R~ dZ 1 -
0.574 -0.271 
0.574 -0.261 
V2 = I 7r R2 dZ 2 v-4 I 1r R~ dZ (82) 
0.0 -0.271 
0.0 -0.136 
V3 = I 7r R2 dZ 3 Vs= I 7r R2 dZ 5 
-0.218 -0.261 
In the above integrals, the integrand has the 
following general form 
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{ a ± ~b2 - (Z+c) 2 } 2 
Expanding, this becomes 
Employing the substitution 
u = Z+c , du= dZ 
and subsequently, 
u = b SinO 
' 
du 
it can be shown that 
Z2 
J 1r{a±~b2 - (Z+c) 2 }2 dZ 
Z1 
where 
b CosO dO 
(83) 
Now, applying this result to the equations (82) the 
volume of the bubble can be obtained as 
vb = 2. 076 
Then, from the definition of the equivalent radius 
vb = 4 7r r3 3 eq 
it follows that 
req = 0. 7914 
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1.5828 
Since the nose radius is the reference parameter 
rn = 1. 0 
so that 
1.5828 rn (84) 
2. The Wake Fraction of the Bubble. 
The boundary of the wake, drawn 1 n F' i gu re 62, 1 s 
represented by the following expression: 
~(0.851) 2 -(Z-0.241) 2 -0.610 < z < -0. 271 
with the of the coordinate system located at the 
effective bubble center as shown in Figure 64. 
Applying the argument of the prev 1 ous section, the 
volume of the wake is given by 
where 
and 
-0.271 
V6 J 1r R~ dZ 
-0.610 
V- and 4 V5 are as defined in equation (82). 
The result . 1S .. 
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Now, the wake 
fw 
as 
fw 
.r 
'. 
0.266 
fraction can be obtained from 
Vw (BY) i, Vb+Vw ·1 
-~ 
0 .176 
·:· 
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A(O. 713,0.574) 
B(0.858,0.0) 
C(O. 786,-0.218) 
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D(0.629,-0.261) 
E( 0.680, -0.271) 
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B 
Figure 64. Geometry of the simulated bubble. 
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